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Abstract:

This paper investigates Fourier series and Fourier transforms as fundamental tools for electrical circuit analysis
with an emphasis on bridging mathematical theory and practical applications. An analytical applied approach is
adopted in which periodic and non-periodic signals are represented in the frequency domain to facilitate the
analysis of circuit responses to various voltage and current excitations. The study presents the mathematical
foundations of Fourier series and Fourier transforms, followed by the frequency domain analysis of RLC circuits
and an examination of key phenomena associated with spectral analysis. To enhance practical insight, Mathcad
was employed to generate graphical representations of the signals corresponding to each series and to demonstrate
the effect of the number of harmonics on waveform reconstruction accuracy. The results demonstrate that Fourier
based analysis, when supported by graphical visualization offers a clearer and more efficient interpretation of
circuit behavior compared with conventional time-domain methods. Moreover, this approach provides a
comprehensive framework for the design and analysis of electronic circuits, electrical filters, communication
systems, and signal processing applications.
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Introduction:

Signal and electrical system analysis constitutes one of the fundamental pillars of electrical
engineering and applied physics as the efficiency of electrical circuit design and the
understanding of their dynamic behavior largely depend on the ability to accurately
characterize signals in both the time and frequency domains [3,5]. In this context Fourier series
and Fourier transforms represent essential mathematical tools that enable the representation of
periodic and non-periodic signals[4,7], respectively in the frequency domain thereby
facilitating the analysis of linear time-invariant electrical circuits, Fourier series are based on
the principle of decomposing periodic signals into an infinite sum of sinusoidal and
cosinusoidal functions with multiple frequencies which allows for the investigation of electrical
circuit responses to repetitive excitations such as alternating voltage and current waveforms.
Fourier transforms on the other hand may be regarded as a natural generalization of Fourier
series, providing an efficient mathematical framework for analyzing non-periodic signals that
commonly arise in modern electronic systems [1]. The transformation from the time domain to
the frequency domain using Fourier techniques has enabled the conversion of complex
electrical circuit problems from differential equations into simpler algebraic relations, thereby
facilitating the analysis of circuit responses to various sources and the investigation of
phenomena such as resonance, attenuation, and signal distortion [2,6,8]. Moreover, this
approach provides deeper insight into the influence of circuit elements, including resistors,
capacitors, and inductors, on the frequency-domain behavior of electrical systems.

Research Objectives:

1. To examine Fourier series and Fourier transforms from both theoretical and practical
perspectives, and to demonstrate their significance in electrical circuit analysis through
the transformation from the time domain to the frequency domain.

2. To present the fundamental mathematical principles underlying Fourier series and
Fourier transforms in a systematic and rigorous manner.

3. To analyze periodic electrical signals using Fourier series and to illustrate their
representation in terms of discrete frequency components.

4. To clarify the relationship between time-domain and frequency-domain representations
of electrical signals and to explain the transformation mechanisms between the two
domains.

5. To investigate the frequency-domain response of basic electrical circuits (RLC circuits)
subjected to various voltage and current excitations.

Research Problem:

Despite the significant importance of Fourier series and Fourier transforms in signal and
electrical circuit analysis, their use is often presented in a fragmented manner, focusing either
on abstract mathematical formulations or on engineering applications without a clear and
systematic integration between the two. Moreover, there remains a need to clarify the practical
role of frequency-domain analysis in simplifying electrical circuit models. Accordingly the
research problem addressed in this study centers on a fundamental question regarding the extent
to which Fourier series and Fourier transforms can provide an integrated analytical framework
that effectively bridges mathematical foundations and practical applications in electrical circuit
analysis.
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Methodology:

This study employs an analytical applied methodology combining the theoretical mathematical
framework of Fourier series and Fourier transforms with their practical application in the
analysis of linear electrical circuits. The research is grounded in the mathematical modeling of
circuits, focusing on the investigation of their responses in both the time and frequency
domains. To support the analysis and enhance understanding, illustrative examples and
analytical plots are used to demonstrate key concepts and the behavior of the circuits under
various excitation conditions, and Mathcad software was employed to generate graphical
representations of all signals.

1-Derivation of the Fundamental Mathematical Relations of Fourier Series

0, m#*n

L mn nmn
[~ cos—x cos—x dxz{
-L L L L m=n

(1a)

where the variables m and n take the values 1,2.3......

The following relations are used in trigonometry:

cosAcosB =1/2[cos(A — B) + cos(4 + B)] (1b)

Thus, in the case where m # n:

L mmn nm _ L (m—n)nx (m+n)mx
J_ cos—=x cos—xdx=1/2 [, [COS—L +cos—] dx
_ L . (m-n)mx L L . (m+n)mx L _
o 2(m—-n)m Sin L —-L 2(m+n)m L —-L =0 (1c)

Moreover cos?A = 1/2 (1 + cos 2A) Consequently, in the case where m = n, we obtain:

L mrn nm L 2nmx
f_L COS——X COS—X dx =1/2 f_L (1 +cos— )dx

L .. 2nm L
=1/2 [x+%smT]_L—L (1d)
Similarly, it can be proven that:
L . mmnx . nmx _ (0 m¥*n
_LSI TSIHT dX—{L m=n (2a)

In trigonometry, we have sinAsin B = 1/2[cos(A — B) — cos(4 + B)],

sin?4 = 1/2 (1 — cos 2A) . Thus, in the case where m # n, we obtain

L . mmx . nmnx . L (m—-n)nx . (m+n)nx .
S sin==sin==dx =1/2 [, [cos—L cos ——— ]dx =0 (2b)
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While, in the case where m = n, we have

fL sm—xsm— dx=1/2[" ( cos Zn:x) dx =L (2¢)

It can be proven that f sin == cos ﬂ dx =0 (2d)

sinAcosB = 1/2 [sin(A — B) +sin(4 + B)]
In the case of m #n

fL sm—cosm dx = 1/2f_LL[sinw+sinm1 dx=0 (3a)

sin 4x) - sin(( 9x) :

sin( 4x)
R

Figure (1) Orthogonal §ystems Of Functions

Figure (1) illustrates the integral of the product of two functions, where the result of the
integration is zero as shown in equation (2b) . The curves were plotted using Mathcad.

While, in the case where m = n we have

f sm—cos = dx = 1/2f n2 dx = 0 (3b)
Assuming that the series
f(x) = ag+ X1 (an cos=+ b, s 1n%) (4)

The value of a,, can be found by multiplying both sides of Equation (4) by cos% , and
integrating both sides from —L to L, and by using Equations (1) and (3), we obtain:
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f_LLf(x) cos % dx = f_LL ay COS % dx +

pI (an f_LL cos == cos ﬂ dx + b, f cos == gin 2= dx) = a,,L
where m # 0, and takes the values 1, 2, 3, ..., and consequently:
m = %f_LLf(x) COS% dx (5a)

By multiplying both sides of Equation (4) by sin% , and integrating from —L to L, and by
using Equations (2) and (3), we obtain:

f_LLf(x) sin% dx = f_LL ag sin%dx +
Yo 1(anf sm—cos = dx + b, f sm— smﬁdx) by L

m=1J0 f) sin$ dx,m =123, ... (50)

to find a, Integrating Equation (4) from —L to L

nmwx nmwx
jf(x) dx—j aodx+f z ancos—+bnsinT)dx

1 (L
ag =— [, f(x) dx (5¢)
According to Fourier's theorem any periodic function with frequency w, can be expressed as
follows:

f(t) = ap+a,coswyt+ b;sinwyt + a,cos2wyt + b, sin2w,t
a; cos3wgt + bysin3wgt + -+

From Equation (4), the function f(¢) can be written as:
W f() = ag + Xn=1(a, cosnwgt + b, sinnwyt) (6

To determine the coefficients a,« a,, < b,, of the function f(t), Equation (6) is integrated
over one period, yielding:

jOTf(t) dt=fOT

= fOT agdt+ Y, [fOT a, cos nw, tdt + fOT b, sin nw, tdt] (7)

ao + z (a, cosnwyt + b, sinn w, tay) | dt
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T T 1 (T

Jo f(®) dt = [ agdt =a,T=> a, =;f0 f(@t) dt (7a)
To find a,, we multiply both sides of Equation (6) by cos mw, t, and integrate both sides:

T T 2 (T
fO f(t) cosmw,yt dt = a, SMm=n=a, = ;fo f(t) cosnwgt dt (7b)

Similarly we multiply both sides of Equation (6) by sin mwj t, and integrate both sides:
2 (T

b, = ?fo f(t) cosnwgt dt (7¢)

Examplel: Find the Fourier series of the function with a period of 10

_ —-5<x<0
f(x)‘{3 0<x<5 , L=5

The coefficients a,, s b,, s apare determined:

= —f f(x) cos— dx = —f_s f(x) cos™= dx
5 5

nmx

= %{f_OS(O) cos% dx+f053cosnnx dx } 5f053COST dx

an=§(isinﬂ)|5=0,n¢0 (8a)

nm 5 0
1 L . 1.5 .
b, = Zf_Lf(x) sm% dx = Ef—sf(x) sm% dx
—g{f_()s(O)si dx+f 351nnnx x}=§f0535in@ dx

3(-5 nmx 5 3(1—cosnm)
0S——

P =sGmes S ) T T (%)
ao =50, () dx =5 7 f00) dx = 5573 dx = (50)

By substituting Equations (8a, 8b, 8c) into Equation (4), the corresponding Fourier
series becomes:

ap + Zn 1 (an cos -|- bn m@) 324 Zn . (3(1—cos nm) sin nmwx )

nm 5

3 6 . TX 1 . 3nx 1 . i 7TL'X
=—+—(sm—+—sm—+— T sin 4 ).
2 T 5 3 5

Example2: Expand the function f(x) = x* , —w < x <m into a Fourier series
with a period of 27
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1" ) 1 , sinnx cosnx sinnx\ |
a, =— x“cosnmx dx =— | x 2x ———— 3
T)_, s n n n _
4
=—cosnmt,n #0
n
4
— , n even
a, = i(_l)n = nz
— , n odd
n
1" 5 . 1, ,—cosnx sinnx cosnx\|"
b, =— x“sinnx dx = — — +2x— 3 =0
T)_, s n n -
1 7 2
ap=—/[  x?dx=—
2T 3
nmx
f(x) = ag+ 2= 1(ancos 2+ b,s m—)
TL'Z

2
2 _ VA 00 4
or x*=—+ Yim=1 (ﬁ COS NTT COS NX )

1 1 1
— —4|cosx — —cos2x +—cos3x ——cos4dx + -
3 22 32 42

]

(8d)

Now, we plot the Fourier series obtained in the previous example. This series converges to x?2
at all points of continuity within the domain (m, —m). Since the Fourier series is periodic with

aperiod of 27, at the endpoints + mandn = 1,2,3,....

. the series must converge to the average

of the right and left limits, which equals # = 12 in each case. This yields Figure 2, which

illustrates the desired plot.

Due to the continuity of the Fourier series at all endpoints, the result of this example can be

extended to include these points as well.

X _—+Zn 1(—cosnncosnx) —T<XS<T

A
;’ll'ul g | \ | \ Jl"
l‘u / 1'\’ 1, \ 8 'K} \ | 1\ f

bR

Figure (2)

Example3: f(x) = x,—m < x < with a period of 2n

an
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’ e W t/w /—4

f(x)

- L/" L/’_J { /,':“

Figure (3)
_1m _ 1 —Z2_1)n
b, —nf_nxsmnx dx = — (2 cosnm) = . (-1 (9b)
f(x) = ag+ OOE (a cos@+b sin@)—Z[Sinx—lsin2x+lsin3x— ]
-0 A L neL )T 2 3
n=

Example4: Find the Fourier series of the half-wave illustrated in the figure:

JAW WA

This function is an even function, and therefore b,, = 0

* Figure (4)
=4« w, =2?n=§
0, -2<t< -1
fl) = cos%t, —-1<t<1
0, 1<t<?2

T 1
ap, = %fozf(t) dt = %[f()l cos%t dt + flz Odt] = %%sin%tlo =% (10a)

T
—4f§ (t) tdt—4jl 7Tt mTtdt+0
a"_T Of COS NW, =7 0cos2 cos2

By using equation (1b)
_1f1[ T+ 1Dt + cos—( 1)t]dt
an—zo COSZTl COSZTl

In the case ofn =1

1,1 1 [sinmt
al—zfo[cosnt+1]dt—5[ -

1 4
+ t” = — (10b)
0 2
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In the case of n > 1

1 ..
n =~ sm;(n +1)+

1
t(n—-1)

sin% (n—1) (10c)

The equation can be further simplified by considering the odd and even values
of n.

In the case where n takes an odd value, both (n + 1), (n — 1) are even; therefore
T T
sin—(n+1)=0=sin=(n—1)
2 2
In the case where n takes an even value, both (n + 1), (n — 1) are odd; therefore

T T nm n
sinz(n +1) = —sinz(n —-1) = cos7 =(-1)2

1V 11 _ —2(—1)% _
An = ( 1)2 (Tr(n+1) n(n—l)) o n(n2-1) ’ n = even (10d)
1,10 Ty lye (D2 o
f) = —+-cos>t nZn:even -1 %05 t (10e)

The series can be further simplified by using Equation n = 2k, k = 1,2,34,......
_1,1 T 230 (D
f@) = T + 26053 t nzk:l (4k2-1) cos kmt (10¢)

The Fourier series representation of the circuit shown in Figure (5), along with its associated
signal can be obtained.

f(®)

—
=y
Y|

A

M e .

t

Figure (5)

Since the signal is even , hence b,, = 0

1, 0<t<1
VS(t)_{z ) 1<t<1,5
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5
ag=2|f, dt+ [ 2dt] =2 (11a)
a, = ;i[fol cos (ZnTn t) dt + f11,5 2 cos (ZnTn t) dt] (11b)
43 <2nnt)1+ 6 <2nnt> 2 (Znn)
-3 |2nm >t 3 o 2nm >t 3 L | nm > 3
s Vs(t) = 33 — %Z?{’:l%sin (ZnTn) cos (ZnTn t) (11c)

2-Exponential Fourier Series:

The Fourier series in equation (6) can be written in exponential form by expressing the sine
and cosine functions in exponential form using Euler’s identity.

. 1 . 3 1 . )
Sinnwet = o [e/n@ot — g=in@ot] ' cosnwyt = = [e/m@ot 4 g=in@ot] (12a)

f(t) = ap + 212;.10=1[(an _jbn)ejnwot + (an +jbn)e_jnwot] (12b)

Substitution can be employed to simplify equation (12b) by introducing new coefficients as
follows:

(an—jbn) (an+jby)
, Cn_T , C_nZT (12¢)

C():ao

W () = o+ Xoeqlcn @™ot + c_pe ] = YO, ¢, @m0 (12d)

This expression corresponds to the complex (or exponential) Fourier representation of the
function f (t).

The exponential Fourier series of the periodic function f(t) describes the spectrum of the
function in terms of the amplitudes and phase angles of the alternating current components at
positive and negative harmonic frequencies, And the coefficients of the three Fourier series forms
the sine, cosine form, the amplitude phase form, and the exponential form are related by the
following relationships.

Ap 20, = (an, — jby) (12¢)
2H

f(t)

. +

A Vin(t© e 10 YO

-1 T 2T t
Figure (6)
2T 2T

b,=0 «T=m ¢« wy =?=?=2,wn=nw0 =2n
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By applying equation (7a), we obtain: (a, = %), And by applying equation (7b), we obtain:
4 1

In = T Az —1

T 4~ 1
Uin(t) = ?—;ZW—_lCOS 2nt| volts
n=

For the nth harmonic

__ 4 1 1 =5 . . _ —10j
Vin = —— 5740, 01 F_jwnC =— ,2H = jw,L = 4jn,Z = @)
. Z o ~10jvin 10 40
Vo = [(Z+4nj)] Vin (4+j(8n-10)) j(8n—10)( n(4n2—1))
_ 40£{90" ~ tan™'(2n - 2.5)}
m(4n? — 1){/16 + (8n — 10)2
20

2w _
Vo (t) = [; + X A, cos(2nt + Qn)] volts, A, = NP el

6, = 90" —tan~1(2n — 2.5)

3-Fourier Transform:

Fourier series are used to represent periodic functions as a sum of sinusoidal components and
to extract their frequency spectra, whereas the Fourier transform extends this concept to non-
periodic functions by treating them as periodic functions with an infinite period. The Fourier
transform is an integral transform that maps a function from the time domain to the frequency
domain and is distinguished by its ability to handle signals and circuits with inputs defined over
the entire time interval 0 > t, t > 0 in contrast to the Laplace transform which is restricted
to t > 0, and requires initial conditions. The Fourier transform is derived from the Fourier
series by allowing the period of the periodic function to approach infinity, resulting in a
continuous spectrum rather than a discrete one. The Fourier transform is widely used in the
analysis of electrical circuits, communication systems, and digital signal processing, and it is
defined by the following expression:

f(t) = if_c’;[f_c’;f(t) et dt] ¢/t dw (13)

The quantity enclosed in parentheses is defined as the Fourier transform of the function f(t)
and is expressed by f(w).

F(w) =F[f®O] = [ ft) e /®t dt (14)

2285



Najia M. Alsgaer 38 aaell dlnliill pglell dl=an

Where F denotes the Fourier transform operator, and the Fourier transform is an integral that
converts the function f(t) from the time domain to the frequency domain.

Equation (13) can be expressed as a function of (w), and consequently the inverse Fourier
transform is obtained as follows:

f®) = FUF ()] = 5= [ F(w) e do (15)

In the following figure, the Fourier transform can be determined:

fO = eruw={"

0, t<o0

flw) = j :f(t) e 4t = fo T et oty

= -1 e_at_j‘*)loo = 1
atjw 0 atjw i '6 1‘3
Figure (7)
Table (1) Fourier Transform Pairs:
f(@®) F(w)
1 2né(w)
6(t) 1
e 2 u(t) 1
a+jw
e 2t u(—t) 1
a— jw
1
u(®) nd(w) +—
jw
|t] —2
w?
- — 2
u(t+17)-u(t—1) 2 Gner
)
sin wyt Jr[d(w + wy) — 6 (w — wy)]
cos wyt T[6(w + wy) + §(w — wy)]
tne—at U(t) n:
(Cl _|_jw)n+1
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e—altl 2a
a? + w?
—at o; w
e 2 sinwyt u(t) 0

(a+jw)? + wy?

e 2t cos wyt u(t) a+jw
(a+jw)? + wy?

Now, Fourier transforms can be applied to the following electrical circuit:

= ' -1 _2 — lo(w)
I,(t) = 10sin 2t, 0.5 uF = ot e H(w) = (@)
io(t)
iy (1) 40 l
20
TO.SF
Figure (8) .

By substituting the value of sinwyt from the table (1), we obtain:

Ii(w) = jr10[8(w + 2) — §(w — 2)]
By current division RULE (CDR):

[s(w) Iy(w)

Io(w) = —S2 %2 = _

o) 244+ s(@)
Jw

__Jw
1+ 3jw

H(w)

jr X 10jw[é(w + 2) — §(w — 2)]
1+3jw

_ —10nw[§(w +2) = §(w - 2)] _ 10nw[§(w — 2) — §(w + 2)]

1+ 3jw 1+3jw

lo(w) = Iy(w)H(w) =

Since the inverse Fourier transform I,(w) cannot be obtained from Table (1), the inverse
Fourier transform is evaluated using Equation (15). Consequently:

107 [foo wé(w—-2) ejwt do _foo wé(w+2) e
2 Y= 1+43jw —®© 1+4+3jw

I(t) = F I (w)] = “”dw]

By using shifting property
f 5(w — wo)f (w)dw = f(wo)
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10| (* 6 (w — 2) . 5w+ 2) :
Ih(t) = — ——— wel®tdq —J —— wel?¥td
o(t) ZnU_ool+3ja) AT 13w ¢
. 2jt —2jt
_ 10n[ 2 p2it _ 2 e‘zft] - e 4 e
2m [1+3x2j 1+3x—2j 1+6j 1-6j

eZ]t e—Z}t

=10 [6.082480.54° * 6.082,80.54°

] = 1.64 [ p2Jt=80.54" 4 e—(th—80.54-°)]

~ Iy(t) = 3.28 cos(2t — 80.54°)A.
Results:

The results indicate that Fourier series and Fourier transforms serve as effective tools for the
analysis of linear electrical circuits. The frequency domain representation enables precise
characterization of signal components and provides a clear interpretation of circuit responses
to both periodic and non-periodic signals. Frequency-domain analysis has contributed to
simplifying the governing equations of RLC circuits, converting them into algebraic relations
that are easier to handle while preserving the physical significance of the studied phenomena.
Furthermore, the results highlight the importance of using Mathcad to support the mathematical
analysis through graphical representation of signals, demonstrating the effect of the number of
harmonics on approximation accuracy and enhancing the visual understanding of the
relationship between mathematical formulation and practical circuit behavior. Comparisons
with conventional time domain analysis confirm the superiority of Fourier-based analysis in
studying complex signals and signal distortion, supporting its use as a comprehensive analytical
framework for the design and analysis of electronic circuits and communication systems.

Conclusion:

This study concludes that Fourier series and Fourier transforms constitute effective
mathematical tools for the analysis of linear electrical circuits, as frequency-domain analysis
provides a more accurate understanding of electrical signal behavior and circuit responses
compared with conventional time-domain analysis. The utilization of Mathcad for
computational and graphical purposes further emphasizes the importance of integrating
mathematical analysis with computational tools to clarify the practical behavior of electrical
circuits. It is therefore concluded that Fourier-based methods offer a comprehensive analytical
framework that can be reliably employed in the design and analysis of electronic circuits and
communication systems, with the potential for future extensions to more advanced applications
in signal and electrical system analysis.
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